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Design Concept of bridge and Tunnel

(1) Bridge

(2)Tunnel
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(3) Design concept of slope

• Factor of safety:

where         : shear strength
: sliding force

• We must estimate strength 
parameters (c, φ）.

i

i

T
RF

Σ
Σ

=

 

 

......),( φcfRi =

iTΣ
iRΣ

Potential sliding surface

≥ 1.0 Limit Equilibrium Analysis



Monitoring Approach

For tunnels;
Strain-based monitoring

For slopes;
Stress-based monitoring
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Strain can be easily determined from the 
measured displacements. 

0εε ≤ where 0ε ：Critical strain
(Allowable strain)

Where u : measured displacements
x:  coordinate of measuri  

u
=ε

We do not need any mechanical properties 
and initial stress of the ground 
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Critical strain obtained by laboratory tests

Relationship between critical strain and uniaxial strength of soils and rocks



cσ

cRσ

0ε R0ε

Relationship between Critical Strains
of Intact Rock and In-situ Rock Mass
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Relationship between critical strains of intact rocks 
and in-situ rock masses

Intact rock

In-situ rock mass



Scale Effect



Scale Effect on Strength

 
 



Scale effect of rock masses ;

Uniaxial compressive strength
and Young’s modulus
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Hoek-Brown criterion (1)



Hoek-Brown criterion (2)
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Relationship between critical strain and measured 
strain ( obtained by crown settlements)

auc /=ε



Relationship between critical strain and measured 
strain ( obtained by extensometers)
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After Prof. E. Hoek
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Hazard warning 
levels for assessing 
the stability of 
tunnels



In order to assess the stability of tunnels
more precisely, the critical shear strain was 
proposed.

Definition of critical shear strain

ulusmodshearG
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The maximum shear strain should be smaller than the 
critical shear strain. 

------------- Stable

------------ Unstable

0max γγ <

0max γγ >

If the maximum shear strain becomes larger than 
the critical shear strain, tunnel support measures must 
be installed so as to keep the maximum shear strain 
remain being less than the critical shear strain.

Stability assessment of tunnels



Laboratory experimental results
(Relationship between critical shear strain and 
shear modulus)
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Back 
Analysis

Stress
Strain

Displacements
・・・・・・・

・・・・・・

External Forces
Young’s modulus
Poisson’s ratio
Strength 

parameters 
(c,Φ）
Boundary 

conditions
・・・・・・・・・

Forward Analysis

Input data
Output results

Input data
Output results

Definition of back analysis



Modeling in forward analysis and back analysis

 

 

(1) Forward analysis

(2) Back analysis



Numerical Modeling in Back Analysis

In back analysis, it is extremely important that a 
mechanical model should not be assumed, but it 
should be identified by a back analysis



Maximum shear 
strain distribution 
obtained by a back 
analysis (assuming 
an isotropic elastic 
model) using the 
same measured 
displacements

Maximum shear strain distribution (Isotropic elastic model）

Maximum strain distribution (No model is assumed)



Numerical modeling of tunnel
Modulus of deformability of tunnel lining and surrounding media

At the design stage of tunnels we use,

for shotcrete

for surrounding media

In general

=E Modulus of deformability of concrete

=gE Modulus of deformability of soils and/or rocks

1/ ≥gEE

Tunnel

Tunnel lining



トンネル

The results of back analysis 
Shallow tunnel excavated in sandy diluvial 
formation 
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（Continuum approach)

Modeling of tunnel excavation 
with installation of rock bolts
considering excavation sequence

Modeling of jointed rock masses 
as an equivalent continuum

Evaluation of mechanical parameters
of the equivalent continuum

Conventional procedure for
modeling of jointed rock masses with rock bolts

......,,, φν cE



Before modeling jointed rock masses as
an equivalent continuum, rock bolts should
be installed. After that the jointed rock 
masses reinforced by rock bolts are modeled 
as a continuum. 

for far field

for the region
reinforced by rock bolts 

∗∗∗∗ φν ,,, cE

φν ,,, cE

(Continuum approach for hard rock type)

Evaluation of material parameters of the 
continuum considering the effect of
interaction between joints and rock bolts

Modeling of jointed rock masses 
reinforced by rock bolt
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Numerical algorithm for 
conventional elasto-plastic analysis

Flow rule

Yielding function 

Conventional elasto-
plastic analysis

Numerical algorithm for conventional 
elasto-plastic analysis has been developed 
for forward analysis. 
So, it is too “stiff” to apply for back analysis.

In back analysis numerical algorithm should be 
“flexible” enough to obtain a good agreement 
between measurements and computations.



Back analysis in geotechnical engineering

In back analysis a constitutive equation 
should be simple enough to back-analyze its 
mechanical parameters uniquely from 
measured displacements.



Simple Shear Test

 

 



Normal stress versus normal strain 
during a simple shear test

 

 



Shear modulus ＆
Young’s modulus

 

 



Young’s modulus and Poisson’s ratio
for non-elastic materials



Anisotropic parameter m （＝G/E)

 

 



Anisotropic parameter m for different materials
as a function of shear strain

Isotropic elastic material
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Stress and strain relationship
in plane strain condition

Where

E  : Young’s modulus
: Poisson’s ratio

: Anisotropic damage parameter
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Anisotropic damage parameter d
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Numerical simulation
for expressing stress-strain relationship for strain-hardening, perfect 
plastic and strain-softening behaviours of materials

Two-dimensional plane strain condition
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Parameters d and m given as a function of shear strain on 
a conjugate slip plane
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Stress-strain relationship with respect to parameters d and m
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• Anisotropic parameter m is a simple monotonic increase 
function of shear strain. 

• Introducing the anisotropic parameter m, the following three 
different types of nonlinear stress-strain relationship of 
materials can be easily simulated, that is, 

(1)  Strain-hardening
(2)   Ideal plastic 
(3)  Strain softening

• The parameter m can be determined by back analysis of field 
measurement as well as laboratory experiments.

Note



Stress-strain relationship in local and global coordinates

{ } [ ]{ }

[ ]

[ ]
[ ] [ ][ ][ ]

[ ] matrixtiontransformaTwhere

TDTD

asressedexpisDcoordinateglobalIn

dm
parameterscytandilacc

ratiosPoisson
ulusmodsYoungE

where
mcc

c
c

ED

where
D

conditionstrainplanecoordinatelocalIn

T

:

,,

)1(2/1
:,

':
':

)21(
1

1

21

),(

'

21

2
21

2

1

2
'

'''

=

−+=

















−−
−

−

−−
=

=

ν

ν

νν
νν

νν

νν

εσ

'
xσ

'
yσ '

xyτ
'x

'y

x

y

y
'y

'x

xθ

line
slip



Laboratory experiment for toppling
in slope excavation (aluminum bars)

 
 



Laboratory experiment result

 
 



Numerical analysis  
(isotropic elastic )

 
 



Numerical analysis considering 
the anisotropic damage parameter

 

 



Experimental Device for Simulating 
Tunnel Excavation (aluminum bars)

 

 



Maximum shear strain distribution around
the two parallel tunnels
(Experimental results)

 

 



Maximum shear strain distribution 
(Isotropic elastic analysis)

 

 



Maximum shear strain distribution 
(Elasto-plastic analysis)

 

 



Maximum shear strain distribution 
(Taking into account the damage parameter)
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Deformational modes of slopes

(a)  Elastic
(b) Sliding
(c) Toppling
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Interpretation of measured displacements 
in slopes

Is it possible to estimate a sliding surface only by 
surface displacement measurements?

How can we assess the stability of slopes only by 
the surface displacement measurements?

“Back analysis” must be a powerful tool for 
interpreting the measurement data.



Stress and strain relationship
in plane strain condition

Where

E  : Young’s modulus
: Poisson’s ratio

: Anisotropic damage parameter
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Estimation of a sliding surface 
from surface displacements

u1, u2, u3  :  Measured displacements

Estimated potential sliding surface



Numerical simulation for demonstrating 
accuracy of the proposed method

Measured values of surface 
displacements simulated by FEM

Estimated potential sliding surface



Design concept of slope

• Factor of safety:

where         : shear strength
: sliding force

• We must estimate strength 
parameters (c, φ）.
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Design vs. Monitoring in Slope

• In the design of slopes, Young’s modulus is no 
need. Only strength parameters (C, φ）are 
used.

• However, in monitoring the stability of slopes 
displacement measurements such as
extensometer, inclinometer, total station, GPS, 
etc. are commonly used.

Question is how to assess the measured 
displacements.



How can we determine 
strength parameters (c, φ) of soils/rocks

from measured surface displacements?

Answering this question, 
we proposed “Critical Shear Strain”.



Definition of critical shear strain

ulusmodshearG

strengthshearcwhere
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Laboratory experimental results
(Relationship between critical shear strain and 
shear modulus)
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Procedure of determining the strength parameters 
from measured displacements

Displacement measurements（GPS)

Shear Modulus G = mE

Determination of Young’s Modulus E and anisotropic parameter m
by back analysis of measured displacements

Critical shear strain

Shear strength

)(0 Gf=γ

0γτ Gc =

Strength parameter (Cohesion) (φ: assumed)cc τ
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Procedure of determining the strength parameters (c, φ)

cτ

• Young’s Modulus E and the 
parameter m are obtained by back 
analysis.

• Shear Modulus G is determined.
G = mE

• Critical shear strain γ0 is then  
obtained by the figure (a).

• Then, the shear strength , and 
c and φcan be determined by,
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FINITE ELEMENT ANALYSIS
The relationship between the

increment of external forces
and increment of displacements 
is expressed as,

where
:  Stiffness matrix 

: Increment of displacements 
Some of them are 

measured
values.

where 
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Case study (Ohme Tunnel)



The” Ohme Tunnel” is located in a 
highly populated residential area.
Limitation of the tunnel width is 
16-20m.

Length :  2,095 m
(NATM: 1,093 m, Cut-and-cover: 
1,002m)

Depth: 8.5 m (average) 

Geology:  Diluvial formation

Longitudinal cross section
Double deck



Cross 
section



Support system during excavation



Location of measuring points



Comparison between 
the results of back 
analyses

Elastic analysis and 
damage analysis 
considering the 
anisotropic damage 
parameter 



Measurement results
Horizontal displacements



Comparison between the results of back analyses
Elastic analysis and damage analysis considering the anisotropic 
damage parameter 

Vertical displacements                  Horizontal displacements



Maximum shear 
strain distribution 
obtained by
back analysis 

(after Iwano)

Maximum shear strain distribution

Isotropic elastic analysis

Damage analysis



Maximum shear strain 
distribution predicted by 
using back analysis results

（Comparison between single foot 
pile and double foot pile ）

（after 
Iwano)

Single foot pile

Double foot pile



Maximum shear strain 
distribution predicted by 
back analysis results

(after Iwano)

Single foot pile

Double foot pile



The maximum shear strain should be smaller than the 
critical shear strain. 

------------- Stable

------------ Unstable

0max γγ <

0max γγ >

If the maximum shear strain becomes larger than 
the critical shear strain, tunnel support measures must 
be installed so as to keep the maximum shear strain 
remain being less than the critical shear strain.

Stability assessment of tunnels
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Accuracy of the system

The system can detect 

displacements :             1~2 mm
displacement velocities : 0.1 mm/day 



Case study (Open pit coal mine)

In order to verify the applicability of the back analysis 
method for assessing the stability of slopes, the method 
was applied to an open pit coal mine, where 
displacements were measured by GPS until failure 
occurred.

The strength parameters such as cohesion and internal 
friction angle of the materials were determined from the 
measured displacements, and the factor of safety was 
calculated just before the failure occurred.





Cross section of the open pit coal mine 
Measuring points of GPS are shown on the ground surface.



Sliding planes estimated by the displacements 
measured by GPS data.

Two potential sliding planes (Case 1 and Case 2) 
are assumed for back analysis.

Case 1

Case 2

Measuring points and measured displacement vectors 



Assumed underground water table

Analysis regions of numerical model (Case 1)
Thickness of sliding plane t = 1m



Displacement vectors (Case 1)    
Thickness of sliding plane t = 1m, 
Back analysis results;

E = 28,000 kN/㎡, C = 147 kN/㎡, φ = 30～15°, m = 0.0118,  
Fs = 1.073

Measured displacement

Calculated displacement

Underground water table



Displacement vectors (Case 1)    
Thickness of sliding plane t = 1m, 
Back analysis results;

E = 56,000 kN/㎡, C = 241 kN/㎡, φ = 30～15°, m = 0.0060,  
Fs = 1.004

Measured displacement

Calculated displacement



Displacement vectors (Case 1)    
Thickness of sliding plane t = 1m, 
Back analysis results;

E = 112,000 kN/㎡, C = 395 kN/㎡, φ = 30～15°, m = 0.0031,  
Fs = 0.959

Measured displacement

Calculated displacement



鉱山斜面 E=56000kN/m2 すべり層厚 t=1m 頂部8mｸﾗｯｸ
土質ブロック図

In order to cut off tensile stress occurred here,
8 m deep crack was placed.

No-tension analysis (Case 1)
Thickness of sliding plane t = 1m 



Measured displacement

Calculated displacement

No-tension analysis; Displacement vectors (Case 1)
Thickness of sliding plane t = 1m
Back analysis results; 
E = 56000 kN/m2, C = 241 kN/m2, φ = 30～15,  m = 0.0060,  

Fs = 0.993
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Comparison between the measured and calculated displacements (Case 1)
Back-analyzed anisotropic parameter m, and factor of safety (Fs)
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plane  t (m)
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Comparison between the measured and calculated displacements (Case 2)
Back-analyzed anisotropic parameter m, and factor of safety (Fs)

Thickness of sliding
surface  t (m)



すべり層厚t
（m）

E 
(kN/m2) M Fs ΔU2 δx(6/4)

-168.0
δz(6/4)
-46.0

δx(2/67)
-183.3

δz(2/67)
-96.3

δx(2/68)
-164.4

δz(2/68)
-69.8 STEP

1.0 56000 0.0060 0.993 99 171.7 53.3 176.2 80.3 176.9 77.9 18 

Non-tension analysis (case 1)
Comparison between the measured and calculated displacements 
Back-analyzed anisotropic parameter m, and factor of safety (Fs)

Thickness of
Sliding plane (m)



Conclusions for Case Study

• The strength parameters such as cohesion and internal 
friction angle of the materials were determined from the 
measured displacements, and the factor of safety was 
calculated by using them.

• The factor of safety becomes nearly 1.0 just before 
failure occurred. This means that the strength 
parameters determined by the back analysis are 
reasonable. 

• In conclusion, the back analysis method can predict the 
time when the slope will fail only from the surface 
displacements measured by GPS.



Conclusions

1. Displacement measurements are easy, reliable and 
economical in both tunnel and slope engineering 
practice.

2. Back analysis is a powerful tool for assessing the 
measured displacements.

3. Anisotropic parameter m is well applicable in back 
analysis in observational methods for both tunnels and 
slopes.

4. Both critical strain and critical shear strain are a very 
useful in assessing the stability of tunnels and slopes.



Thank you for your attention.
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